Fock space realisations of unitary highest weight representations of compact and noncompact real forms of the quantum general linear superalgebra U q (gl m|n ) are constructed. We decompose all tensor powers of the Fock spaces into direct sums of irreducible unitary submodules for compact or noncompact real forms of the quantum superalgebra, obtaining multiplicities of the irreducibles and also explicit formulae for their highest weight vectors. A generalised Howe duality of type (U q (gl m|n ), U q (gl k )) is also established, which is used in the study of unitary representations and should also be of independent interest.
Introduction
Quantum superalgebras were introduced in the early 90s to describe the type of supersymmetries exhibited by some soluble lattice models such as the Perk-Schultz models in statistical mechanics. The representation theory of these algebras have been much studied (see, e.g., [1, 13, 15, 17] ), and their applications to the theory of knots and 3-manifolds led to the discovery of many new topological invariants. The finite-dimensional unitary representations of the quantum general linear superalgebra were classified in [5] . Such representations can only occur for the two types of compact real forms (see Section 2.4) of the algebra. Every finite-dimensional irreducible unitary representation is either a submodule of a tensor power of the natural representation or the dual depending on the real form. This fact played a crucial role in developing the structure of the dual quantum general linear supergroup in [16] . However, very little seems to be known about infinite-dimensional unitary representations of quantum superalgebras.
In this paper, we shall study unitary highest weight representations of both compact and noncompact real forms (see Remark 2.5) of the quantum general linear superalgebra U q (gl m|n ) by adapting the Fock space techniques developed in [2, 3, 11] to the quantum setting. A class of unitary highest weight representations can be realised on the Fock space of m bosonic and n fermionic quantum oscillators. By taking tensor powers of the Fock space, one generates a large class of unitary representations, which will be treated comprehensively in this paper.
We first construct a multiplicity free action of U q (gl m|n ) ⊗ U q (gl k ) on a noncommutative superalgebra (Theorem 2.2) in Section 2.2. This establishes a quantum Howe duality [7] between the quantum (super)algebras. This result will play a crucial role in the study of unitary representations in this paper and should also be interesting for the invariant theory of U q (gl m|n ).
All the irreducible unitary modules of the compact real form U q (u(m|n)) of U q (gl m|n ) are constructed as submodules of tensor powers of the Fock space. We first give a realisation in Lemma 3.1 for U q (u(m|n)) in the quantum oscillator superalgebra, then use it to prove Theorem 3.5, which gives, beside other results, an explicit decomposition into irreducibles of each tensor power of the Fock space.
Fock spaces as unitary modules of the noncompact real form U q (u(p, h|n)) of U q (gl m|n ) (p + h = m) are studied in Section 4. Theorem 4.17 determines all the irreducible unitary highest weight representations arising from tensor products of the Fock space. The multiplicities of irreducible modules in each tensor power of the Fock space are obtained and their highest weight vectors worked out.
When h = 0, Theorem 4.17 yields all the finite-dimensional irreducible unitary representations of type II in the sense of [5] , which are duals (up to twists by 1-dimensional modules) of the irreducible unitary representations in Theorem 3.5. Another interesting special case of Theorem 4.17 is when n = 0, where the theorem gives all the irreducible unitary highest weight representations of U q (gl m ) at real positive q by [8, 10] . These results will be further discussed in Section 4.5.
Let us make some remarks about the proofs for Theorems 3.5 and 4.17. Beside the action of the real form of U q (gl m|n ) on the tensor power of the Fock space under consideration, we also construct an action of the ordinary quantum general linear algebra U q (gl k ) on it. We show that the two actions commute, and more importantly the image of U q (gl k ) is the commutant of U q (gl m|n ) in the endomorphism algebra. Therefore, the tensor power of the Fock space decomposes in a multiplicity free manner into a direct sum of irreducibles for U q (gl m|n ) ⊗ U q (gl k ), and we work out the decomposition in explicit form to prove the theorems.
Hopf * -structures on quantum general linear superalgebra
This section presents some background material and also a new result on Howe duality (Theorem 2.2), which plays an important role in this paper and should also be of independent interest in invariant theory. We shall work over C throughout, and fix a real positive q = 1. Denote I = {1, 2, . . . , m + n} and let I = I\{m + n}.
The quantum general linear superalgebra
Let { a | a ∈ I} be the basis of a vector space with a bilinear form ( a , b ) = (−1) [a] [9, 14] can be expressed as a − b where a = b, a, b ∈ I. Let q a = q ( a , a ) . The quantum general linear superalgebra U q (gl m|n ) is a unital associative superalgebra generated
a , E b,b+1 , E b+1,b (a ∈ I, b ∈ I ) subject to the following relations [15] : 
The Z 2 -grading of the algebra is specified such that the elements K It is well known that U q (gl m|n ) has the structure of a Hopf superalgebra. We shall denote by Δ the co-multiplication, by the co-unit and by S the antipode, and take
The natural module V for U q (gl m|n ) has the standard basis {v a | a ∈ I} satisfying K 1 2
Tensor powers of V reduce to direct sums of irreducible tensor modules [16] , which were extensively studied in the literature. For example, their crystal bases were constructed in [1] . It is also known [5] that the irreducible tensor modules comprise all the irreducible unitary modules for the type I (see [5] for this notion) compact real form of U q (gl m|n ), and their duals comprise the irreducible unitary modules for the type II compact real form of the quantum superalgebra.
The dual space U * q of U q (gl m|n ) has a natural algebraic structure with the multiplication defined for any t, t ∈ U * q by tt , x = (x) t ⊗ t , x (1) ⊗ x (2) , for all x ∈ U q (gl m|n ). Let π denote the representation of U q (gl m|n ) on V relative to the standard basis. Following [16] , we consider the subalgebra T (m|n) of U * q generated by the elements t ab (a, b ∈ I) such that t ab , x = π(x) ab , ∀x ∈ U q (gl m|n ). Then T (m|n) has the structure of a bi-superalgebra with the co-multiplication
We have the following left actions Ψ, Φ : (2) , (2) is used for the co-multiplication of f ∈ T (m|n). Here τ is the C-linear algebra anti-automorphism defined by
It is obvious but important to observe that the two actions commute. Both actions preserve the algebraic structure of T (m|n), thus T (m|n) is a U q (gl m|n )-module algebra (see [12, §4.1] for this notion) with respect to either Φ or Ψ . Denote by L m|n λ the irreducible U q (gl m|n )-module with highest weight λ. We have the following multiplicity free decomposition of T (m|n), which is a partial analogue of the Peter-Weyl theorem for compact Lie groups.
where Λ m|n is the set of highest weights of the irreducible tensor modules.
The set Λ m|n can be characterised in the following way. Let P (d) denote the set of partitions p = (p 1 , p 2 , . . . , p d ) of length d, and set P = d P (d) . Let P m|n = {p ∈ P | p m+1 n}, where the defining condition is trivially satisfied if the length of a partition is smaller than or equal to m. We also set P For k, d m and l < n, we introduce the following algebras:
• the subalgebra U q (gl d ) of U q (gl m|n ) generated by the elements
• the subalgebra U q (gl k|n ) of U q (gl m|n ) generated by the elements
• the subalgebra U q (gl m|l ) of U q (gl m|n ) generated by the elements
• the subalgebra V d k|n of T (m|n) generated by the elements
. The algebra V d k|n has a natural Ngrading (N = {0, 1, 2, . . .}) with t ab of degree 1:
The following theorem is the quantum analogue of Howe's (gl m|n , gl d ) duality described in [7] without the terminology of Lie superalgebras [9, 14] . It will be used to establish the crucial result, Proposition 3.4. 
Since the proof of the theorem deviates somewhat from the main line of this paper, we relegate it to Appendix A.
Quantum oscillator superalgebra
Given an associative superalgebra A = A 0 ⊕ A 1 with even subspace A 0 and odd subspace A 1 , we define [a] = i for a ∈ A i . Call A a * -superalgebra if there exists an even conjugate-linear anti-involution * : A → A. We shall write * (a) as a * . Let W be a Z 2 -graded A-module. If there exists an even positive definite Hermitian form , : W × W → C which is A-contravariant in the sense that for any v, w ∈ W , and a ∈ A, av, w = v, a * w , then we say that the module W is unitary.
As an example we consider the quantum oscillator superalgebra W d q (m|n) generated by Z α a , ∇ α a and q The quantum oscillator superalgebra W d q (m|n) admits the standard * -structure:
Also observe the following easy result. 
with the subspace (F d m|n ) k consisting of the homogeneous polynomials of degree k. The following result is easy to prove.
Lemma 2.4. There exists a unique contravariant Hermitian form
which is positive definite for real positive q = 1. Thus in this case the action of
Hopf * -superalgebra structures on U q (gl m|n )
If A and B are two * -superalgebras, then A ⊗ C B has a natural * -superalgebra structure, with the * -operation defined for homogeneous elements by
and for other elements by extending this formula anti-linearly.
A Hopf superalgebra (H, Δ, , S)
is called a Hopf * -superalgebra if the underlying algebra of H is a * -superalgebra such that Δ and are * -homomorphisms, i.e., * • Δ = Δ • * and
The quantum general linear superalgebra U q (gl m|n ) admits various Hopf * -superalgebra structures. Recall from [16] the following Hopf * -structure 12) and denote U q (gl m|n ) equipped with this Hopf * -structure by U q (u(m|n)).
Fix a p such that 1 p m, and let h = m − p. It can be easily shown that U q (gl m|n ) also admits the following Hopf * -structure (a ∈ I , b ∈ I)
When equipped with this Hopf * -structure, the quantum general linear superalgebra will be denoted by U q (u(p, h|n)). When p = m, we obtain from (2.13) another Hopf * -structure [16] for U q (gl m|n ):
Remark 2.5. We shall loosely refer to U q (u(m|n)) (respectively U q (u(p, h|n))) as a compact (respectively noncompact) "real form" of U q (gl m|n ) by an abuse of terminology.
Finite-dimensional unitary representations

Realisation of U q (u(m|n))
Let U q (gl d ) be the quantum general linear algebra generated by (K β )
. . , d}) with the standard relations. Denote by U q (u(d)) this algebra with a Hopf * -algebra structure analogous to (2.12). Let
Lemma 3.1.
(1) There exists a * -superalgebra homomorphism η from the quantum superalgebra
where
forms a unitary module for U q (u(m|n)) and also for U q (u(d)) with respect to the positive definite Hermitian form (2.11).
Proof. Let η 1 denote the map η for d = 1. It is relatively easy to show by direct computations that η 1 is indeed a superalgebra map from U q (u(m|n) 
. From the formulae (3.1) we can see that for all a < m + n and b m + n, we have (η(E a,a+1 )) * 
a ), thus η is a * -superalgebra homomorphism. To prove part (2), we denote the map (3.2) by ζ 1|0 if m = 1 and n = 0, and by ζ 0|1 if m = 0 and n = 1. One can easily show that these maps are indeed superalgebra homomorphisms as claimed by part (2) of the lemma. Using the superalgebra isomorphism
is the repeated co-multiplication for U q (u(d) Proof. We shall show by direct calculations that the elements η(E a,a+1 ), η(E a+1,a ), η(K 
Unitary representations of U q (u(m|n))
For any r × r matrix A = (a i j ) with matrix entries possibly involving Grassmann variables, we define its quantum determinant
, where (σ ) is the length of σ in the symmetric group S r of degree r. For 1 r min(d, m), we define
If d > m, we consider the following quantum determinant of an r × r matrix for every m < r d:
where the last r − m rows are filled with the same vector (Z 1 m+k , . . . , Z r m+k ) of Grassmann variables.
Observe that both Δ r and Δ k,r are weight vectors of U q (u(m|n)) and
while the U q (u(m|n))-weights are respectively
Corresponding to each partition λ of length d satisfying the condition λ m+1 n, we define
Proof. (a) First we want to prove that Δ k,r is a highest weight vector of
For a given permutation (α, α + 1) in S r , we re-write Δ k,r as Δ k,r = σ ∈A r Δ(σ, α), where A r is the alternating group, and
with τ := (α, α + 1)σ . Consider a given σ ∈ A r , and suppose that σ (t) = α + 1 and σ (s) = α. If s < t, then (τ ) = (σ ) + 1. By using (3.2), we obtain E α,α+1 (Δ(σ, α) 
where the sums are over all 
We also have the following more general result. 
Furthermore, the algebras η(U q (u(m|n))) and ζ(U q (u(d))) are mutual centralisers in End C (F d  m|n ) .
Proof. Consider Proposition 3.4 with the m there replaced by
where Υ m is defined in Lemma A.2. Since
, by using Lemma A.2(2) we obtain the decomposition (3.9). This also implies the second claim. 2
Remark 3.6. Evidently the multiplicity of
L m|n λ in F d m|n is equal to dim L d λ .
Corollary 3.7. Δ λ is a highest weight vector of U q (u(m|n)) with weight λ .
Proof. Since Δ λ is a U q (u(d)) highest weight vector with weigh λ, which also has a U q (u(m|n)) weight λ , the claim follows from Theorem 3.5 and the fact that the space of
Infinite-dimensional unitary representations
Realisation of U q (u(p, h|n))
We have the following realisations of U q (u(d)) and the noncompact real form of the quantum general linear superalgebra in 
(2) There exists a * -superalgebra map ζ ω : 
Locally finite subalgebra of quantum oscillator superalgebra
The realisations of U q (gl d ) and U q (gl m|n ) given in Lemma 3.1 enable us to introduce natural actions of these quantum groups on W q . For any f ∈ W q , define
ζ(x (1) )f ζ S(x (2) ) , x ∈ U q (gl d );
These define actions of U q (gl d ) and U q (gl m|n ) on W q , which preserve the multiplication of the latter and will be referred to as adjoint actions. Here Ad is used for both actions to avoid introducing further notations. For k = 2, . . . , d and = 2, . . . , m + n, set
We have the following result. ( Proof. We need more detailed information on Z k and ∇ k for k, > 1. Note that they are symbolically of the form 6) where q N i are products of elements q 
Lemma 4.2. For all
As we shall see below, the ordering of the factors in each term is going to be important, even though the precise form of Z k and ∇ k will not matter. Now let W be a nonzero R submodule of F d m|n . Given any nonzero v ∈ W , by applying to it the operator 
ζ ω (x (1) )f ζ ω S(x (2) ) , x ∈ U q (gl d ),
[f ][u (2) ] η ω (u (1) )f η ω S(u (2) ) , u∈ U q (gl m|n ). Proof.
Let R be the subalgebra of W q generated by all the elements Z k , ∇ k and also E. Then ω(R ) ⊂ R . The proof of Proposition 4.4 can be adapted here to show that R acts irreducibly on
We may decompose R into eigenspaces of E:
8) which in fact is equal to the commutant of ζ ω (U q (u(d))) in R. Now clearly (R) ζ ω (U q (u(d))) contains E and η ω (U q (u(p, h|n))).
We have the following result.
Theorem 4.7. η ω (U q (u(p, h|n))) = (R) ζ ω (U q (u(d))) .
Proof. It follows from Theorem 3.5 that η(U q (u(m|n))) ⊃ (W q ) ζ(U q (u(d))) . Thus
η ω U q u(p, h|n) = ω η U q (gl m|n ) ⊃ ω (W q ) ζ(U q (u(d))) .
Note that ω(Ad(x)r) = Ad ω (x)(ω(r))
for any x ∈ U q (u(d)) and r ∈ W q . Thus
This proves that η ω (U q (u(p, h|n))) ⊃ (R) ζ ω (U q (u(d))) . As we have already pointed out, (R) ζ ω (U q (u(d))) contains η ω (U q (u(p, h|n)))
, thus the proof is completed. 2
Multiplicity free U q (u(p, h|n)) ⊗ U q (u(d))-action on Fock space
Let L d λ denote the irreducible U q (u(d))-module with highest weight λ. Set Λ = {λ | Hom ζ ω (U q (u(d))) (L d λ , F d m|n ) = 0}.
Theorem 4.8. There exist irreducible η ω (U q (u(p, h|n)))-modules V λ for λ ∈ Λ, which are nonisomorphic for different λ, such that
F d m|n ∼ = λ∈Λ V λ ⊗ L d λ (4.9) as η ω (U q (u(p, h|n))) ⊗ ζ ω (U q (u(d)))-module.
Proof. By Theorem 4.7 we may replace η ω (U q (u(p, h|n))) by (R) ζ ω (U q (u(d))) in the theorem. The action of ζ ω (U q (u(d))) on F d m|n is locally finite by Proposition 4.1(4), and so is also the adjoint action of ζ ω (U q (u(d))) on R.
Given these facts, we can adapt verbatim the proof for [4, Theorem 4.5.12] to prove the claim here. We refer to [4] for details. 2
The modules V λ will be determined in Section 4.4. Here we consider special cases of the theorem.
Special case with
The relevant quantum oscillator algebra is W d q (p|0) with the corresponding Fock space
where K <s r and K >s r are as defined in Proposition 4.1. Similarly the algebra
where K α s,t is defined in Proposition 4.1. For 1 r min(d, p) , we define the following quantum determinant of an r × r matrix: Proof. Denote the right-hand side of (4.13) by W . In view of Theorem 4.8, we only need to show that the irreducible 
If d > h, we consider the following quantum determinant of an r × r matrix for every r satisfying h < r d:
Corresponding to each partition λ of length d satisfying λ h+1 n, we define
It follows from Proposition 3.3 that we have the following result. 
For ζ ω defined by (4.2), we have 
The U q (u(d))-weight of λ is obviously λ. From Lemma 4.9 we easily see that the
The proof of the following fact is similar to that of [ (u(p, h|n) ), thus is a U q (g) highest weight vector. The irreducibility of W implies that the nonzero submodule U q (g)v + is equal to W itself. This completes the proof. 2
The following theorem is one of the main results in this paper. 
We first need to discuss various subalgebras of U q (gl p +h|n ). Let S be the set of all the generators of U q (gl p +h|n ) but E a+1,a for a < k or a > ν. Then S consisting of the linear combinations of all possible products of elements in S is a Hopf subalgebra of U q (gl p +h|n ), which we shall denote by U q (p) and refer to as a parabolic subalgebra. Then U q (p) contains a Hopf subalgebra U q (gl 1 ) ⊗(p −p+n −n) ⊗ U q (gl h|n ), which will be referred to as the Levi factor of U q (p). Also U q (gl p +h|n ) contains the subalgebra E a,a+1 | 1 a < p + h + n . Inside this subalgebra there exists a two-sided ideal N generated by E i,i+1 with 1 i k and E μ,μ+1 with μ ν. Similarly the subalgebra E a+1,a | 1 a < p + h + n also contains a two-sided ideal N generated by E i+1,i with 1 i k and E μ+1,μ with μ ν.
Observe a subtle point here. The maps ι and π are U q (gl p+h|n )-equivariant and also commute with the actions of the generators If n > p k−1 > p k , there exists a unique ν rendering (A.4) satisfied. Thus ψ is also atypical. Now ν i = μ i for all i < k − 1. Using this information we easily see that ψ = λ (k−1|n) .
Finally if p k−1 n, then ψ is typical. In this case ψ can be easily worked out as in the Typical case. It again agrees with λ (k−1|n) .
This completes the proof of the induction step, thus proves the lemma. 
